In this paper we discuss symmetry reductions and exact solutions of the Webster Horn Equation using the classical.tie method of infinitesimals. The particular case of the exponential horn is examined and a complete set of reductions and solutions is formulated. The generation of a complete set of solutions using~Lie analysis produces a set of group transformations. Particular attention is given to a new solution found, which contains an exponentially decaying Bessel function. The use of these group transformations as a tool for audio object reco-ition is also explored. Results indicate that the decaying Bessel function solution provides a particularly useful insight into exponential horn object recognition. Practical results are presented which indicate the group transformations offer an exciting new mechanism for identifying a specific audio object in a mixed audio scene.
INTRODUCTION
Lie analysis methods are used throughout Mathematics as a technique for finding a complete set of solutions to partial and ordinary differential equations [I] , [21. Recently these methods have also found application as an object reco,@ion tool in tww dimensional subspaces such as image processing 131, 141, with a notable degree of success. In this paper both of these applications are applied to a mono audio signal as described by the Webster Ham Equation. A brief outline of the theory of Lie analysis is given in Section 2. In Section 3 the details of the application of Lie analysis to the Webster Horn Equation, establishing a complete set of group transformations and solutions is provided. Section 4 explores the use of applying the group transformations found in Section 3 to a mono audio signal mixture, which contains objects satisfying the Webster Horn Equation.
The p,, =c'fmp, + p , ) .
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Most commonly the solution is given as a time-harmonic wave function, [ 5 ] , [SI: where 0 is radian frequency.
LIE GROUP ANALYSIS
This section gives a brief overview of the ideas of Lie Symmetry methods for differential equations. For a more detailed explanation the reader is referred to the works of Olver = 0. We form these invariants by solving the characteristic equation:
This determines a hasis of functionally independent invariants for a group with operator V. Several algorithms and packages exist which determine the symmetries of systems of PDEs. This work uses the symmetry-determining package Dimsym [9] under Reduce [lo].
LIE GROUP ANALYSIS OF 1 H E F.XFONENTlhL \VEHSTER IiORK EQUATION
Consider the exponential Wehster Hom Equation (2), we seek a group transformation of the form: 
with solution:
A(4)=aBesselJ ( O ,~~) + P B e s s e [ Y ( O , f~)
Where a,/?€ W and BesseU, BesselY are Bessels functions of the first and second kind respectively. Since we require the solution to be finite we take p=O and hence
p=aBesseU(O.+,/-)e' is a solution to equation (2).
Employing the same method for each of the elements of the minimal set of symmetry Combinations results in the complete set of transformations and solutions. These results are summarized in Table I and Table ll (3) is retumed.
OBJECT RECOGNITION
Solving the initial value problem for each of the elements of the minimal set of symmetry combinations results in the complete set of transformations as summarized in Table 1 . Consider a signal p , which satisfies the equation ( 2 ) and the transformations (9). Under these transformations the governing equation (2) transformation and the normalized mean squared error (NMSE), between the two measurements, was calculated. It was postulated that, for a signal which satisfies (2), the NMSE will he a minimum. For normalization and calibration purposes the Bessel solution generated from V, was tested, using
x' =x+ 2.5;; =t; p' = pe'"* As for V, +a2V, with a2 =O throughout x' =x;t* =?+a,&; v* = pee &E-.
, the resulting NMSE was found to be 0.0044, and 2000c v, +alV, this was then normalized to 1 to give a baseline for further
experiments..
A variety of mono audio signals, as summarized in Table Ill, were then tested. The maioritv of the resultant NMSE were
. . 
CONCLUSION/DISCUSSION
The symmetry reductions and exact solutions of the Wehster Horn Equation (1) using the classical Lie method of infinitesimals has been discussed. Detailed analysis of the particular case of the exponential horn has resulted in a complete set of group transformations and solutions. A new solution was found which contains an exponencially decaying Bessel function. The general solutions found were examined and it was established that the known time-harmonic wave solution (3) was embedded therein. The use of the group .transformations as a t w l for audio object recognition was also explored with results indicating that the decaying Bessel function solution provides a particularly useful insight into audio object recognition. Practical results were presented which indicate the group transformations offers a mechanism for coarse recognition of audio objects which. satisfy the exponential Wehster Hom Equation (2). 
